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The problem of determination of boundaries separating the elastic and plastic regions of 
an infinite perforated sheet with a triangular lattice of cir 
colar holes (Fig. 1) is examined below for the case when on 
the contour of each hole the uniformly distributed stress 
oo is given. In the solution of the problem it is assumed 
that the level of stress and the spacing of the lattice are 
such that the boundaries of the hole are completely engul- 
fed by the corresponding plastic region but at the same time 
neighboring plastic regions do not intersect. 

The problem of elastic equilibrium of the sheet weakened 
by a doubly periodic system of holes wear examined in a 
series of papers [1 and 21. With increasing stress in such a 
sheet plastic regions arise around the holes. The distribu- 
tion of these regions has also a doubly periodic character 

The problem of development of a plastic region around a 

Fig. 1 single hole with determination of the boundary of separation 
of the elastic and plastic regions was formulated and sol- _ _ _ _ 

ved in papers of Nadai [S] and Galin [4]. Later Kosmodamianskii [S] making use of solution 
[4] for the plastic region, examined a sheet weakened by a series of periodically distributed 
holes. 

For the solution of the problem it is natural to combine the method developed in the sol- 
ution of doubly periodic elastic problem [A with the method proposed in [S] for the solution 
of the problem concerning the boundary of the elastic and plastic regions in the case of a 
single hole in the sheet. 

Let there exist a doubly periodic triangular lattice with circular holes having the radius 
A (A < 1) and centers at points 

P mn = my + no8 (m, n = 0, f 1, i-2, . . .J, q = 2, 0% = &‘l.ix 

Let us designate the contour of the hole with the center at point pstn by L,, , the boun- 
dary of the corresponding plastic zone by rm, and the exterior of contour rmn by D,. 

The condition of plastioity is taken in the form 
(a. - aJ’,+ 4Q’ = 4 ko% 

On the contour of the hole L, the boundary conditions have the form 

or=- a09 x,0 = 0 

Stress functions of Kolosov-hfuskhelishvili [6] for the plastic region have the form [4] 
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(&*(“) =e - 
2 -i- k*l*. +“” , Yl*(z)=o. 

In the elsstic regions we have for the stress functions @z*(t) and Yz*(.z) 
cg -j Go - 4 ~0 ah* (;I, z,o = 0, G,) - GI, I- XT,., =f 2 [h?*’ (2) i_yyz* (z)] P 

Combining the solutions for the elastic and plastic regions on the boundary of their sepa- 
ration we obtain the boundary conditions for the elastic region. On the contour rot, the 

following conditions must be satisfied 

fit? CD,* (z) = Ik@ID,* (r), ou - or = 2ko 

or 

I%&,* (2) = v -i_- ,+a in F ; 2X?,*, (z) -i_-?Fz* (2) z.z k. -$ 

Let function 2 = w (4) produce conformal representation of region L), on region l? in 

the plane (5 which is the exterior of circumference ymn k 
of radius g with centers at points 

P mn. The boundsry conditions on yoo are written in the form 

- 
Rc(Dz(~) = 2 -t -$ 

/co--0 -jn w(6) 

1 
T+lny 

I 
(1) 

.!!IB_ (Dd (5) +‘Y$j (5) = klJ * 
WI (5) 

(21 

where 

@, ($1 = Q%* Iw (5% ur, rn = ul,* Ila (511 
Expression (2) can be transformed in the foifawing manner. From (If it foiIows that in 

“I 

@z (t) = 
w 03 

++k&q-- k&l+- (3) 

Substitutfu~ (2) into (2) we obtain the second boundary condition on you in the form 

SW’ (OY, (C) = - k,w (4) 

The solution in the plane 4 will be sosht in the form of series [ 21 

Qlr (f) =a0+ 2 u2);+s I& 

k=o 

;;y;G’ _ (5) 

T2 (Q =po + 5 j&k&$ p2;;; ~~~~~~~~ _I ; a*k@ ~~k~~~~~~ iSI 
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k=l.l k=# 

where go (5) is the elliptical function of Weierstrass, Q ((1 is a special meromor~bic function 

P (2) =+ +{&&j. Q(r)zzX’{&-2,s - +j 

p = ??tOr + nw,, (n, n = O;‘&. *2, * . .) 

The representation for w (5) follows from boundary condition (1) and the requirement of 
preservation of poles pmn in mapping: 

Now we shall put together reietionships which must be satisfied by coeffichtts of Ex- 
pressions (5) to (7). The condition of equality to zero of the principal vector of forces act- 
ing on the arc which connects two congruent points in DZ, is equivalent to Eqs, 

sf5i-oi)---(Q=O fi= 1, 2) 

g(C)=cp(C)+ ~~(~~+~(~), @(S)=@(C), W(S)=‘k’(5) 

and leads to relationships [2f 
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c&J = 113 Jf/ xp2p2, p. = II6 JfT na2pL” 

Taking into account that n1 = ox = -o. we have CZ~ = 0, fi, # 0. 
Symmetry conditions for the triangular lattice are written in the form 
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(8) 

From this it follows that 

0L6i+2= &+2f2= '6kf2=' 

for k=O, i, 

Further, let us substitute Expressions (5) and (7) into the boundary condition (I), multi- 
ply the obtained expression by s ai [ and integrate over the contour y,,,,. The integrals are 

readily computed if Eqs. (70.3) and (70.4’) in [6] are used. We obtain 

where 

For construction of the remaining equations with respect to coefficients of representa- 
tions of functions @ x(c), y’,(c) and w (0 in (4) to (6) we initially expand these functions 
in Laurent series in the vicinity of the $intL= 01 , 

02 (CJ = 30 + i aGk (+)G'L t $j a6,,p6' jj, rtij, n:,_1<6i (I(‘) 
1. =1 1.=1 

1. =o j=O 

(11) 

(W 

Here 

i3’f 2k + 111 t~~.+).+~ 

‘jk = (x3’)! (2k + I)! 2”i+%*+i ’ sh = 
(21’ + 2k -i- 2)! P+.,~ 

(21’)! (2k ,- l)! 2’1”, -2 

Substituting 
tour yoo { [= c(e ’ “Qi 

pressions (10) to (12) into boundary conditions (1) and (4) on the con- 
and comparing coefficients for cos 6kd (k = 0, 1, 2,...), we obtain an 

infinite system of nonlinear algebraic equations with respect to a, fl and A (it is expedient 
to differentiate Eq. (1) with respect to 8 beforehand). I n the following we present equations 
of the first approximation. 

In the written equations, the terms aej / k,, and /3aj+, / k,, are designated by zG’j, and 

BB’j+br respectively, and the prime is omitted: 

2d,c, = Cr, Q& t .riOyo f A6~sp12r32 = a 

a& + .4& = 1/,As~12r32 

where 
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fj = p2r:jj+2 01”.6i’a + Psr:lj,2,:;~68j+12 - 6a6~3j+~,.#6i+10 

(i=O, 1) 
Results of calculations in the first two approximations are given in Table 1 

P 

TABLE 1 

0.2 I 0.3 I 0.4 

nepBoe npE6nEXWiEe 

-15.10-5 -0.0017 -0.0094 
0.018 0.041 0.072 
Y”-5 0.0003 0.002 

15.10” o.oa17 0.:094 

BTopoe npH6nHmease 

0.5 T 0.6 1 0.7 0.8 

A6 
a0 
a6 
Pa 
Pa 

-0.036 -0.102 -0.226 -0.364 
0.113 0.164 0.225 0.302 
0.007 0.020 0.042 0.060 

1 1.002 1.011 i .039 
0.036 0.103 0.229 8.379 

A6 --15.10-b -0.0017 -0.0094 -0.036 -0.098 -0.194 
Al3 

8 018 o.:i 0.:72 0°113 %E 
0.0097 

a0 
a6 6110-5 

0.230 
0.0007 0.0038 01014 0:040 0.080 

al3 0 0 0 -0.0001 -0.001 -0.004 
P3 1 

O.&i7 0.:094 olo35 
1.002 1.037 

Be 0.098 0.201 
B 14 0 0 0:001 0.009 0.029 

Assuming in (12) [= PC’ < we obtain the equation for the boundary of the plastic region 

r = 1 w (pei9) 1 = f (0) 
In the first approximation 

where 
P = pa [co + c, cos 661 

(14) 

b Fig. 2 this boundary is represented for the case h = 0.3.0 = 2.24 (,u = 0.7, r mu= = 
P 0.730, r ,,,,a= 0.667). 

Fig. 2 

Expression (14) permits to determine the smallest load 

for which the contour of the hole is completely encompas- 

sed by the plastic region (rmin 2 A). 

Exactly in the same manner from condition r,,x ,< 1 
the maximum load is determined for which plastic regions 

contact each other. In Fig. 3 the dependence of parame- 
ter u on the magnitude of loading 0 = or, /kb is given for 
some values of the radina of hole A. 

The effect of holes on the magnitude of the area of 

the plastic region s in the case of X= 0.3 can be observed 
in Fig. 4. The quantity J is equal to the ratio of the area 
surrounded by the external contour of the plastic zone to 
the area of the hole rrhl. In this case the curve 1 corres- 
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Fig. 3 Fig. 4 

ponds to the c8se of a single hole [4], the 
curve 2 to the case of a series of holes [5] 
and the curve 3 to the case of triangular lat- 
tice. 
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