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The problem of determination of boundaries separating the elastic and plastic regions of

an infinite perforated sheet with a triangular lattice of cir-
cular holes (Fig. 1) is examined below for the case when on
the contour of each hole the uniformly distributed stress

o, is given. In the solution of the problem it is assumed
that the level of stress and the spacing of the lattice are

. such that the boundaries of the hole are completely engul-
L3 fed by the corresponding plastic region but at the same time
neighboring plastic regions do not intersect.

The problem of elastic equilibrium of the sheet weakened
by a doubly periodic system of holes was: examined in a
series of papers [1 and 2]. With increasing stress in such a
sheet plastic regions arise around the holes. The distribu-
tion of these regions has also a doubly periodic character

The problem of development of a plastic region around a
Fig. 1 single hole with determination of the boundary of separation

of the elastic and plastic regions was formulated and sol-
ved in papers of Nadai [3) and Galin [4]. Later Kosmodamianskii [5] making use of solution
[ 4] for the plastic region, examined a sheet weakened by a series of periodically distributed

holes.

For the solution of the problem it is natural to combine the method developed in the sol-
ution of doubly periodic elastic problem [2] with the method proposed in [4] for the solution
of the problem concerning the boundary of the elastic and plastic regions in the case of a
single hole in the sheet.

Let there exist a doubly periodic triangular lattice with circular holes having the radius
A (A< 1) and centers at points

Pmn=me; +noy  (m, n=0, 1, 42, ..., 0 =2, o =2""

Let us designate the contour of the hole with the center at pointp by L , the boun-
dary of the corresponding plastic zone by I',,, and the exterior of contourI" by D .

The condition of plasticity is taken in the form

(6x,— Sy V3t 4vt =4 ko?
On the contour of the hole L, the boundary conditions have the form
6, = — Go, T=0
Stress functions of Kolosov-Muskhelishvili [6] for the plastic region have the form [4]
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: ¥i¥(2)=0.

Frg — Go
Q)l* (Z) = 3 - k(}hl
In the elastic regions we have for the stress functions P2*(z) and ‘I‘z *(z)
0= Gy ot 20T,y =2 (20,7 (2) - Wo* ()] 2

Go -t -G, =4 Re QOg* (3}, T = 0,
Combmmg the solutions for the elastic and plastic reglons on the boundary of their sepa-
ration we obtain the boundary conditions for the elastic region. On the contour l" o the

following conditions must be satisfied
Re O, (z) = Re®y* (3}, 6y — G, = 2kg
or
K 1 . , F
©,* (3) W (Z) == fzo

k b7
BQTDQ* (Z) = 3 ¢ L ffc In
Let function z = w{{) produce conformal representation of region I, on region D
the piane { which is the exterior of circumference Ymn of radius g4 thh centers at pmnts

Pmn + The boundary conditions on 700 are written in the form
Re(l)n(C.)“—-.* — + 5 l.m w((;) w @) ] (1)
{‘T(—E X W () == kg 2 (§) )
PO O+ =k @)

*w (D], ¥ (0 = ¥*[w ()]

where
@, (§) = D,
Expression (2} can be transformed in the following manner. From (]} it follows that in
w (§) £
?“ -—-ko hl g (3)

Dy
k
0= "5 +kln

Substitating (3) into (2) we obtain the second boundary condition on y , in the form
Lo’ (DY, (§) = — kow () )
The solution in the plane £ will be sowght in the form of series [9]
Or () =at0 -+ ! g0 L8 (@)
2 =y Az 02 5
L) ek )]
= @+ Dl

oo o
Y ‘ ;sz‘& %3{21:) (g) - 2k €2 (2k41)
T? (g)"'sﬁ + 2& 3254_2 w a— k»zoi aﬂﬁ“’& p { Q 1)! (g} (6}

k=0
where ©({) is the elliptical function of Weierstraas, Q(§ ) is a special meromorphic function
p po_ B

: }s Q(")”‘Zl {{z.fp)a 28 I

)

ve }:M+2 {(Zwm"— P
(m, n=20, j:i +2, .

p o= muoy + no,,
The representation for w () follows from boundary condition (l) and the requirement of

preservation of poles p_ . in mapping
[ee] .
24+ 2 5 (2Rh-1)
w(Ey =t > Ay L4 @ 7
) =25+ ;:J.J 243 D (N
Now we shall put together relationships which must be satisfied by coefficients of Ex-
pressions {5) to (7). The condition of equality te zero of the principal vector of forces act-

ing on the arc which connects two congruent points in D{, is equivalent to Egs.
g{E+o))—g@ =20 (G=1,2)
g0 =9 (D) + Lo (O + (D), Y (D =¥ (D

and leads to relationships {9}

P (D) = O (D),
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dto = Y3 V3 2B, Bo="/s V'3 mazp? ®)
Taking into account that 0,=0,=—0, we have a, =0, 82 # 0.
Symmetry conditions for the triangular lattice are written in the form
Oy (e =Dy (f),  Wa (L) = Wu (§) €T, w (Lel ™) = w () et
From this it follows that
%ii+2 = Bonyaga = Aexp2 =0
for k=0, 1,

Further, let us substitute Expressions (5) and (7) into the boundary condition (1), multi-
ply the obtained expression by % 7i { and integrate over the contour Yoo* The integrals are
readily computed if Egs. (70.3) and (70.4”) in [6)] are used. We obtam

o + > Ag; & Tt = ko_cﬂ +k01nT [1+ Zl 46”‘ 031“1] )

l._l L=t

where
v

— \!
Fosi-1= )

m.n Prmn
For construction of the remaining equauons with respect to coefficients of representa-
tions of functions @ (C), Wy (C) and w (C) in (4) to (6) we initially expand these functions

in Laurent series in the v1cm1ty of the point{=0: .

Gic
(Dz(C)—'—-io-f-Z%k (%) + N o u }J 5,5 (10)
L=1 J=0
¥, (£) = °\°‘ 3 1 8. +2 1 6.+2 '—\ < 6j+4
200= 23540 ‘{) + Z Bs. 4ol 21 Tsiv2, 3ik -
=0 k=0 =0
- Z 6k, u* Z, wiva, 31 ST (1)
k=0
o Agh
D (FY = — 61 3h.—1 <§7+1
w (@) =2 Zbk_l( ) %}Zl é g (12)
Here
. Cr—2k+0g;, . (RF 4+ 2k+2)pj,.
BT et @k L 2P ST (o0 ok 1 1)l 222 2
vl v T P
4=2 7z Tn Pj=>-:7zT+Tv T= g™ = m o nes”
mmn mn

Substituting Expressions (10) to (12) into boundary conditions (1) and (4) on the con-
tour yo o {4’ ue' and comparing coefficients for cos 6k6 (k = 0, 1, 2,...), we obtain an
mflmte system of nonlinear algebraic equations with respect to a, 3 and 4 (it is expedient
to differentiate Eq. (1) with respect to @ beforehand). I n the following we present equations
of the first approximation.

In the written equations, the terms %g; / ko, and Pgji, / k,, are designated by «y;, and
Pe’j+=, respectively, and the prime is omitted:

2dieg = ¢1y afly = Agvo T AgPen'?ry, = a
a3s + AuB2 = /2 Aeu12r3
aYo + AsY1 + As3%rep = — 151
where
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dy =g (1 + pUéra),

a=1 + Asp.erog,

o= a2+ (Va5 + Yt Pre?) Ag?

;= — 2a.dg (1/5 — 1/7}112"3‘2)

1= Bzr:xhz.op‘sj e Bsr:;)'fz,:;”6j+12 - Gassajm,‘lpcjﬂo
(G7=0,1)
Results of calculations in the first two approximations are given in Table 1
TABLE 1
" 0.2 0.3 04 | o5 0.6 0.7 0.8
IlepBoe npEGIH;KCHHE
Ae —15-10"% | —0.0017 |—0.0094 | —0.036 | —0.102 | —0.226 | —0.364
oo 0-018 0.041 0.072 0.113 0.164 0.225 0.302
ag 3-10-s 0.0003 0.002 0.007 0.020 0.042 0.060
Bs 1 1 1 1 1.002 1.011 1.039
Be 15-10-5 0.0017 0.0094 0.036 0.103 0.229 0.379
Bropoe nprGau;keHme
Ag —145.10"% | —0.0017 |—0.0094 | —0.036 | —0.098 | —0.194
Ay 0 0 0 0 15-10—3 0.0097
% 0.018 0.041 0.072 0.113 0.164 0.230
e 6.10°5 0.0007 0.0038 0.014 0.040 0.080
o1z 0 0 0 —0.0001 | —0.001 | —0.004
B, 1 1 1 1 1.002 1.037
Bs 15.1075 0.0017 0.0094 0.035 0.098 0.201
Bia 0 0 0 0.001 0.009 0.029

Assuming in (12) {= e “9,

r=1w(ue) | =10

In the first approximation

where

P nax =N [1+A,(—_;_+ po}_‘

'mln=p' [1+A0 (—;—""p'o 2

r2 = p? [cy + ¢, cos 66]

we obtain the equation for the boundary of the plastic region

< T3j, 2 ej)]
—= B (13)
j=0 6; +1
(—1y 73,2 ,,6]
—5riew)] (19

j=0

In Fig. 2 this boundary is represented for the case A= 0.3, 0= 2.24 (u= 0.7, r .. =

=0.730, F 40

= 0.667).

Expression (14) permits to determine the smallest load

for which the contour of the hole is completely encompas-
sed by the plastic region (r, > A).

Exactly in the same manner from conditionr <1
the maximum load is determined for which plastic regions
contact e ach other. In Fig. 3 the dependence of parame-
ter i on the magnitude of loading o = o, /kg is given for
some values of the radius of hole A.

The effect of holes on the magnitude of the area of
the plastic region s in the case of A= 0.3 can be observed
in Fig. 4. The quantity s is equal to the ratio of the area
surrounded by the external contour of the plastic zone to
the area of the hole #A2. In this case the curve I corres-
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ponds to the case of a single hole [4], the

a8 / / / curve 2 to the case of a series of holes [3]

and the curve 3 to the case of triangular lat-
tice.

%/ A1 T LA
a4 N A 40 ~
}"f:m /// 20 % £

o 0.l

6 3
7 2 4 g 18 6

Fig. 3 Fig. 4
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